We construct a new h s of non-topological solitons in renormalieable scalar field theories with non-linear self-interactions. For large charge Q, the soliton maas increases linearly with Q, Le., the soliton mass density is approximately independent of charge. Such objects could be naturally produced in a phase transition in the early universe or in the decay of superconducting cosmic strings.
I. Introduction
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Non-topological solitons (hereafter, NTS's) are solutions of classical field theories which are stable by virtue of a conserved Noether charge carried by fields confined to a finite region of space1-6. Recently, these solutions have been studied under the guise of Q balls', cosmic neutrino ballsg, quark nuggets', and soliton stars1', and a scenario for producing them in a phase transition in the early universe has been suggestedll. The simplest renormalizable theory with NTS solutions is an unbroken global U(1) theory of two coupled scalar fields. In this paper, we study the classical NTS solutions of this theory in detail. We will confine our discussion to NTS masses M < mEl/m2 (where r n is the mass of the scalar fields), so that gravity can be neglected. The inclusion of gravitational effects for large mass solutions has been studied elsewhere by one of us12.
Consider the Lagrangian for a real scalr field o and a complex scalar @,
The most general interaction invariant under the discrete symmetry u + -u and the global U(1) symmetry Q 4 eta@ is We are interested in the case oi > 0, so that the discrete symmetry is spontaneously broken in the ground state, < u >= fuo. Although this leads to the familiar domain wall problem13 (if 00 > lMeV), we assume this can be circumvented, c.g., by adding explicit discrete symmetry-breaking terms14. (Since these terms can be very small, we neglect them in our analysis.) Alternatively, we may consider u as the real component of a complex field whose vacuum expectation value breaks a global U(1)' symmetry; such a theory has no stable domain walls, but may have stable vortices (cosmic strings). In either case, the U(1) symmetry carried by @ is unbroken, so there is a conserved current interior, the potential energy density in u is balanced by the pressure of the massless @ charges, which are confined by the mass gap -mac at the domain wall.
Here, we consider a more general class of solutions. In particular, we show below that inclusion of the repulsive self-interaction completely changes the behavior of the NTS's, altering the mass-radius and mass-charge relations. In the next Section we discuss approximate analytic NTS solutions, valid for large Q. In Section 111, we construct numerical solutions, which are useful for displaying the behavior at small charge. We consider the spectrum of NTS excitations (phonons and particles) in section IV. In the Conclusion, we speculate on the place of NTS's in particle physics models and briefly outline how such objects might be produced in the early universe.
Analytic NTS Solutione
From Eqns. The energy functional for the solution (6) can then be written The rescaled field equations are To gain insight into the nature of the NTS solutions, one can think of Eqns. (13) and (14) as the equations of motion of a particle rolling in a tw+dimentional potential V e f f ( $ , i?), with "space coordinates" ($, 6) and "time coordinate" y. The particle is subject to a friction force which varies as y-l. The effective potential for this mechanical analogy is and is shown in Fig. 1 for a particular choice of parameters. At y = 0, the NTS center, the particle starts at rest, while at late "times", y + 00 ( i e . , far outside the NTS), it must approach the vacuum state 6 = l , $ = 0 on the ridge of the potential. Since the particle rolls with friction, it must start out at a point higher on the potential saddle, where 6 < 1, $ > 0. Clearly, then, a necessary condition for the existence of a solution is Suppose this condition is true for some choice of the parameters, and then imagine decreasing 6 while keeping the masses and couplings fixed. From Eqn. (lS), the inequality (16) 'then approaches equality so that, for a solution to exist, the friction term must become negligible. But approximate solutions in which the friction term can be consistently dropped are easy to construct. They are of the form Here, the particle stays close to its initial position (&,ec) until a large time, y = Y , when it suddenly rolls down the potential and asymptotically comes to rest at the vacuum state.
For the ansatz (17), the friction terms y-'dG/dy, y-ldG/dy would only be appreciable
where the field gradients are large, at y -Y ; however, if Y is sufficiently large, these terms are suppressed.
The solution above describes large, thin-walled solitons of physical radius R = Y/goo, with negligible surface energy. We call these large Q solitons "bag" solutions by analogy with hadron models. One feature of these bag solutions should be emphasized: by con- 
In the limit g + 0, the solution (17a) becomes inconsistent. Rather, for g = 0 and
is just the linear equation for spherical waves, with solution3
For large Q, it thus turns out that, unless g is very small, g << Q-'/4, the solutions with non-zero g are qualitatively different from those with g = 0. In particular, at large Q, for g = 0 , the central amplitude Gc grows as a power of Q while, for g # 0, GC approaches a constant, independent of Q (see below). This arises because the g2)9I4 contribution to the NTS energy density suppresses the amplitude of 9. We will compare the cases g = 0, g # 0 more fully in our numerical work below.
Inserting the ansatz (17) 
i.c., large charge NTS's have approximately constant density, p = wipz. We note that these relations, i c . , M -Q, R -Q'l3, are very different from the "free" case g = = 0 treated in Ref. 3 , where M -Q3/4, R -Q'l'. In particular, the solutions displayed above have a minimum frequency, tu -+ wo as Q + 00, while "free" solitons have w = x / R -Q-'/4. For the self-interacting theory, the NTS solutions are very akin to Q-balls7. -Q2I3 to the NTS mass, and therefore d2M/dQ2 < 0. Thus, the binding energy per unit charge increases monotonically with Q, and large Q NTS's do not fission spontaneously.
The addition of the surface energy also implies that the stability bound (29) is violated at sufficiently small charge, ;.e., there exists a minimum charge Qm;n above which NTS's are absolutely stable. Generally, for Q -Qm;n the surface terms cannot be treated as perturbation, so we defer discussion of this point to the numerical solutions below.
In. Numerical NTS Solutions
To construct solutions at arbitrary Q, we have numerically solved Eqns. (13) and ( In particular, here Zr(0) = 0. For rii > GCrit, the mass and charge grow with increasing G and, as rii approaches &a, = 1 from below, the NTS energy approaches the free particle energy Gfree = iiza,g = Q.
Thus, a plot of G(Q) would show two branches, the upper one with rii > GC,it, the lower with G < riic,it, which join at Qmh. Q in both cases. As expected, at large charge Q, the 1q4 term increases the NTS mass.
(We have displayed only the lower branch solutions.)
To summarize, for the self-interacting theory, stable NTS solutions exist over the freand for charges greater than a minimum charge Qmb which depends on coupling constants.
IV. Soliton Excitations
The phenomenology of non-topological solitons is determined in part by the small fluctuations about the NTS ground state. For example, at finite temperature, these fluctuations make an important contribution to the free energy of the NTS and are therefore crucial in determining the phase diagram of the theory. These excitations are of three types: i) u particle and @ particle-antiparticle excitations, with energies proportional to the (a, @) masses in the NTS interior; ii) sound waves (phonons), with energies proportional to R-'; iii) surface waves. In this Section, we compute the spectrum of NTS fluctuations of types (i) and (ii) for large Q. For simplicity, we shall focus on the case ma@ = 0.
To study small amplitude fluctuations, we define the perturbed variables,
Here, u(r) and p(r) are the unperturbed NTS solutions of Eqn. (6) . Linearizing in 60,6p1,6p2 and using the unperturbed equations of motion for the background solution yields Here, w is the ,,'equency of the background soliton, and al, ..., a4 are -mctions of the unperturbed solution, Thus, in the large Q limit, the 6a and 6 9 modes decouple. Furthermore, since we are considering the limit of infinite NTS radius, we can approximate the normal modes with plane waves of the form ei(kot-k'z). For the 6 9 modes, we then find a dispersion relation of the form 
